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Foreword 


In elementary mathematics there are many difficult and 
interesting problems not connected with the name of an 
individual, but rather possessing the character of a kind 
of “mathematical folklore”. Such problems are scattered 
throughout the wide literature of popular (or, simply, 
entertaining!) mathematics, and often it is very dif- 
ficult to establish the source of a particular problem. 


These problems often circulate in several versions. 
Sometimes several such problems combine into a single, 
more complex, one, sometimes the opposite happens and one 
problem splits up into several simple ones: thus it is 
often difficult to distinguish between the end of one 
problem and the beginning of another. We should consider 
that in each of these problems we are dealing with little 
mathematical theories, each with its own history, its own 
complex of problems and its own characteristic methods, 
all, however, closely connected with the history and 
methods of “great mathematics”. 


The theory of Fibonacci numbers is just such a theory. 
Derived from the famous “rabbit prohiem’’, going back 
nearly 750 years, Fibonacci numbers, even now, provide 
one of the most fascinating chapters of elementary mathe- 
matics. Problems connected with Fibonacci numbers occur 
in many popular books on mathematics, are discussed at 
meetings of school mathematical societies, and feature in 
mathematical competitions. 


The present booklet contains a set of problems which 


were the themes of several meetings of the schoolchil- 
dren’s mathematical club of Leningrad State University in 
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the academic year 1949-50. In accordance with the wishes 
of those taking part, the questions discussed at these 
meetings were mostly number-theoretical, a theme which is 
developed in greater detail here. 


This book is designed to appeal basically to pupils of 
16 or 17 years of age in a high school. The concept o a 
limit is met with only in examples 7 and 8 in chapter 
III. The reader who is not acquainted with this concept 
can omit these without prejudice to his unde)? standing of 
what follows. That applies also to binomial coefficients 
(I, example 8) and to trigonometry (IV, examples 2 & 3). 
The elements which are presented of the theory of divisi- 
bility and of the theory of continued fractions do not 
presuppose any knowledge beyond the limits of a school 
course. 


Those readers who develop an interest in the principle 
of constructing recurrent series are recommended to read 
the small but full booklet of А, І, Markushevich, “Re- 
current Sequences” (Vozvratnyye posledovatel’ nosti) 
(Gostekhizdat, 1950). Those who become interested in 
facts relating to the theory of numbers are referred to 
textbooks in this subject*. 





* English-speaking readers are referred to 
H. Davenport, “The Higher Arithmetic” (London, Hutchinson, 
1952); 
Burton W. Jones, “The Theory of Numbers” (London, Constable, 
1955). 
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INTRODUCTION 


1, The ancient world was rich in outstanding mathema- 
ұісіапѕ, Many achievements of ancient mathematics are 
admired to this day for the acuteness of mind of their 
authors, and the names of Euclid, Archimedes and Hero are 
known to every educated person, 


Things are different as far as the mathematics of the Middle 
Ages із concerned, Apart from Vieta, who lived as late as 
the sixteenth century, and mathematicians closer in time 
to us, a school course of mathematics does not mention a 
single name connected with the Middle Ages. This is, of 
course, no accident. In that epoch the science developed 
extremely slowly, and mathematicians of real stature were 
few, 


The greater then is the interest of the work Liber 
Abacci (“a book about the abacus’’), written by the 
remarkable Italian mathematician, Leonardo of Pisa, who 
is better known by his nickname Fibonacci (ап abbrevia- 
tion of filius Вопассі), This book, written in 1202, has 
survived in its second version, belonging to 1228. 


Liber Abacci is a voluminous work, containing nearly 
all the arithmetical and algebraic knowledge of those 
times, It played a notable part in the development of 
mathematics in Western Europe in subsequent centuries. 
In particular, it was from this book that Europeans be- 
came acquainted with the Hindu (Arabic) numerals, 


The theory contained in Liber Abacci is illustrated by 
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a great many examples, which make up a significant part 
of the book. 


Let us consider one of these examples, that which can 
be found on pages 123-124 of the manuscript of 1228: 


“How many pairs of rabbits are bornofone pair in a year?” 
This problem is stated in the form: - 


“Someone placed a pair of rabbits in a certain place, 
enclosed onall sides by a wall, to find out how many 
pairs of rabbits will be born there in the course of one 
year, it being assumed that every month a pair of rabbits 
produces another pair, and that rabbits begin to bear 
young two months after their own birth, 


“As the first pair produces issue in the first month, 
in this month there will be 2 pairs. Of these, one pair, 
namely the first one, gives birth in the following month, 
so that in the second month there will be 3 pairs. Of 
these, 2 pairs will produce issue in the following month, 
so that in the third month 2 more pairs of rabbits will 
be born, and the number of pairs of rabbits in that month 
will reach 5; of which 3 pairs will produce issue in 
the fourth month, so that the number of pairs of rabbits 
will then reach 8, Of these, 5 pairs will produce a 
further 5 pairs, which, added to the 8 pairs, will give 13 
pairs in the fifth month. Of these, 5 pairs do not 
produce issue in that month but the other 8 do, so that 
in the sixth month 21 pairs result. Adding the 13 pairs 
that will be born in the seventh month, 34 pairs are 
obtained: added to the 21 pairs born in the eighth month 
it becomes 55 pairs in that month: this, added to the 34 
pairs born in the ninth month, becomes 89 pairs: and in- 
creased again by 55 pairs which are born in the tenth 
month, makes 144 pairs in that month. Adding the 89 
further pairs which are born in the eleventh month, we 
get 233 pairs, to which we add, lastly, the 144 pairs 
born in the final month, We thus obtain 377 pairs: this 
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is the number of pairs procreated from the first pair by 
the end of one year. 


A pair 
1 
First (Month) 
2 
Second 
3 
Third 
§ 
Fourth 
8 
Fifth 
13 
Sixth 
21 
Seventh 
34 
Eighth 
55 
Ninth 
89 
Tenth 
144 
Eleventh 
233 
Twel fth 
377 





Fig. 1. 


“From [Fig.1]* we see how we arrive at it: we add to 
the first number the second опе i.e. 1 and 2; the second 
one to the third; the third to the fourth; the fourth 
to the fifth; and in this way, one after another, until 
we add together the tenth and the eleventh numbers (i.e. 


* Fibonacci does all calculation tables and diagrams in the 


margin. 
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144 and 233) and obtain the total number of rabbits (i.e. 
377); and it is possible to do this in this order for an 
infinite number of months”, 


2. We now pass from rabbits to numbers and examine the 
following numerical sequence 


Ups Uo, +... Une (1) 


in which each term equals the sum of two preceding terms, 
i.e. for any поь 2 


(2) 


Such sequences, in which each term is defined as some 
function of the previous ones, are met with often in 
mathematics, and are called recurrent sequences. The 
process of successive definition of the elements of such 
sequences is itself called the recurrence process, and 
equation (2) is called a recurrence relation. The reader 
can find the elements of the general theory of recurrent 
sequences in the book by Markushevich mentioned above. 


We note that we cannot calculate the terms of sequence 
(1) by condition (2) above, 


It is possible to make up any number of different 
numerical sequences satisfying this condition. For 
example 


2, 5, 7, 12, 19, 31, 50, ..., 
1, 3, 4, 7, 11, 18, 29, ..., 
-1, -5, -6, -11, -17, ... and so оп. 


This means that for the unique construction of sequence 
(1) the condition (2) is obviously inadequate, and we 
must establish certain supplementary conditions. For 
example, we can fix the first few terms of sequence (1). 
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How many of the first terms of sequence (1) must we fix 
so that it is possible to calculate all its following 
terms, using only condition (2)? 


We begin by pointing out that not every term of se- 
quence (1) can be obtained by (2) if only because not all 
terms of (1) have two preceding ones; for instance, the 
first term of the sequence has no terms preceding it, and 
the second term is preceded by only опе, This means that 
in addition to condition (2) we must know the first two 
terms of the sequence in order to define it. 


This is obviously sufficient to enable us to calculate 
any term of sequence (1). Indeed, u, can be calculated 
as the sum of the prescribed uy and uj, u, as the sum of 
и, апі the previously calculated ug, ug 88 the sum of 
the previously calculated Ug and Uy and so on “in this 
order up to an infinite number of terms”. 


Passing thus from two neighbouring terms to the one 
immediately following them, we can reach the term with 
any required suffix and calculate it, 


3. Let us now turn to the important particular case of 
sequence (1), where и, = 1 and и, = 1. As was pointed 
out above, condition (2) enables us to calculate succes- 
sively the terms of this series. It is easy to verify 
that in this case the first 13 terms are the numbers 


1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 


which we already met in the rabbit problem. To honour 
the author of the problem, sequence (1) when uy Tu, 1 
is called the Fibonacci sequence, and its terms are known 
as Fibonacci numbers. 


Fibonacci numbers possess a number of interesting and 
important properties, which are the subject of this whole 
booklet, 
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Now, let us add Yonel to both sides of (6) 


+ 


Uj = Uy ty —U, + T Uo Мі Hy, tL (7) 


Combining (6) and (7) we get for the sum of Fibonacci 
numbers with alternating signs: 


Uy о Uy Жид зи ... + (Dot, = 
(8) 
— (.1n+1 

= (-1) ча-1 + 1, 


4. The formulae (3) and (4) were deduced by means ої the 
term by term addition of a whole series of obvious equa- 

tions. A further example of the application of this pro- 
cedure is the proof of the formula for the sum of squares 
of the first n Fibonacci numbers 


2 _ 
up tug +... щу: (9) 
We note that 
ши -u ‚u = ш (и -u, ,) я и? 
k k+l k-i k k` k+l k-1 k* 


Adding up the equations 


2- 
uy = UUs, 
u? = u„u - ии 
2 23 1 2' 
и? = ци = иди 
3 3 4 2 3’ 
и? = uu -u и 
п n n+l n-i n 


Simplest properties 9 


term by term, we obtain (9). 


5. Many relationships between Fibonacci numbers are 
conveniently proved with the aid of the method of іпдис- 
tion, 


The essence of the method of induction is as follows. In 
order to prove that a certain proposition is correct for any 
natural number it is sufficient to establish: 


(a) that it holds for the number 1; 


(b) that from the truth of the proposition for an arbitrary 
natural number п follows its truth for the number п + 1. 


Any inductive proof of a proposition true for any natural 
number consists, therefore, of two parts. 


In the first part the truth of the proposition being proved 
is established for п = 1. The truth of the proposition for 
n = 1 is sometimes called the basis of induction. 


In the second part of the proof the truth of the proposition 
is assumed for a certain arbitrary (but fixed) number n, and 
from this assumption, often called the inductive assumption, 
the deduction is made that the proposition is also true for the 
number n + 1. The second part of the proof is called the induc- 
tive transition, 


The detailed presentation of the method of induction and 
numerous examples of the application of different forms of this 
method can be found in I.S. Sominskil, “The Method of Mathe- 
matical Induction",* Thus, in particular, the version of the 
method of induction with the inductive transition “from n and 
n +1 to n + 2" employed by us below is given in Sominskil's 
book on page 9" and is illustrated there on page 16" by problems 
18 and 19. 





* English edition, Pergamon Press, 1961. 
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We prove by induction the following important formula: 


Un an =u, U, + и (10) 


We shall carry out the proof of this formula by induc- 
tion on m. For m = 1 this formula takes the form 


Ups] " 5 48,4 + nz F UL, + Чи" 


which is obviously true. For m = 2 formula (10) is also 
true, because 


Un42 - 02-122 + 3 Un-1 + 24, - 


- nA +u tg" +1 + Us. 

Thus the basis of the induction is proved, The induc- 
tive transition can be proved in this form: supposing 
formula (10) to be true for m =k and for m =k + 1, we 
shall prove that it also holds when m =k 4 2. 

Thus, let 

Un + ш A + Untk 
and 


Uatk+l 7 Un -1Uk 41 + Unkar 


Adding the last two equations term by term we obtain 


Un ke2 7 Unlike + "nU yg? 
and this was the required result. 
Putting я = п in formula (10) we obtain 


Su u 
u + ил! 


п-1 п n+l’ 
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or 
Uo, = un (55-1 + Ung? (11) 
From this last equation it is obvious that Uo, is divis- 
ible by un. In the next chapter we shall prove a much 


more general result. 


Since 


formula (11) can be rewritten thus: 


Uo, = un - un) (nay + иа)» 
ог 
= u2 3 
Bon 7 ne 7 URLs 


i.e., the difference of the squares of two Fibonacci 
numbers whose positions in the sequence differ by two is 
again a Fibonacci number. 


Similarly (taking m = 2n) it can be shown, that 


= ul 3 
Yan = Uni + un - une. 


6. The following formula will be found useful in what 
follows: 


2 - ET! 
цаа = ange + ( 1)", (12) 


Let us prove it by induction over n. For n = 1, (12) 
takes the form 
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2 = 
u3 = U83 - 1, 


which is obvious. 


We now suppose formula (12) proved for a certain n. 


Adding Unyilns2 to both sides of it we obtain 


2 _ -1уп 
untl + Unzıinyz 7 "nna; + Ча 1012 + CD 


ог 
= n 
ung hires + 4,4) = Us 2 Ug * Us +1) + СІ), 
ог 
= ц? 214^ 
Us a1 n43 7 "n42 + CD 
or 


2 - .11n*l 
Ub 42 7 Unsilin+a + CD 


Thus, the inductive transition is established and formula 


(12) is proved for any n. 


7. In a similar way, it is possible to establish the 
following properties of Fibonacci numbers: 





DUREE + + gy = Ча 
"guo + Uug + Ugg + ee + Monona 7 ud l7 b 
nu, + (n - Du, + (n - 2ug + ... + 24,1 +4, = 

= иа (п + 3): 


The proofs are left to the reader, 
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8. It turns out that there is a connection between the 
Fibonacci numbers and another set of remarkable numbers - the 
binomial coefficients. Let us set out the binomial coeffici- 
ents* in the following triangle, called Pascal’s triangle: 


0 
Со 
9 1 
c9 ci 
0 rl (2 
Ca C5 cz 
1 r2 "3 
с Сз Сз Са 
i.e 1 
1 1 
1 2 1 
1 3 3 1 
1 a s a 1 
AL, 


1 ,5 10 10 5 1 
1 6 15 20 15 6 1 


The straight lines drawn through the numbers of this triangle 
at an angle of 45 degrees to the rows we shall call “the rising 
diagonals” of Pascal’s triangle. For instance, the straight 
lines passing through numbers i, 4, 3, or 1, 5, 6, 1, are 
rising diagonals. 


We shall show that the sum of numbers lying along a certajn 
rising diagonal is a Fibonacci number. 


Indeed, the first and topmost rising diagonal of Pascal’s 
triangle is merely 1, the first Fibonacci number. The second 
diagonal also consists of 1. Tu prove the general proposition, 


* Expressions of the form ch, as used here pad below in con- 
formity with the original, represent the "Є, of customary 
English usage. 


a 
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it is sufficient to show that the sum of all numbers making up 
the (n-2)th and the (n-1)th diagonal of Pascal’s triangle is 


equal to the sum of the numbers making up the nth diagonal. 


On the (n-2)th diagonal we have the numbers 


1 2 


and on the (n-1)th diagonal the numbers 


co cd... 


n-2' "п-3' “n-4' 
The sum ої all these numbers can be written thus 


Ок OC COCO)... (13) 


n- 


But for binomial coefficients 





A-2771 
and 
- - k(k - 1)... (k - i 4-1) 
СС = —M————— 4 
1.2. ... .1 
k(k - 1) ... (k - ie D(k- 1) _ 
1.2. ... .1.(1 +1) 
k(k -1) ... (R-i +1) k-i 
= —— l + = 
1.2. ... .i i41 


-Rik-1)...(k-i4D i+lsk-i 


1.2. ... .i ` i41 


L6 *ÓDkE-0D...(k-itD gy 
= ————————————— &= Gyr 


1.2. ... .1.(1 +1) 
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Expression (13) therefore equals 
0 1 2 
Са-1 + Соо + Ch-3 ree, 


i.e. the sum of the numbers lying on the nth diagonal of the 
triangle. 


From this proof and formula (3) we immediately get: The sum 
of all binomial coefficients lying above the nth rising diagon- 
al of Pascal's triangle (inclusive of that diagonal) equals 
uns2 7 1. 

Making use ої formulae (4), (5), (6) and similar ones, the 
reader can easily obtain further identities connecting 
Fibonacci numbers with binomial coefficients. 


9. So far, we have defined Fibonacci numbers by a 
recurrence procedure, i.e. inductively, by their suf- 
fixes. It tums out, however, that any Fibonacci number 
can also be defined directly, as a function of its suf- 
fix, 

To see this, we investigate various sequences satisfying 
the relationship (2). We shall call all such sequences 


solutions of equation (2). 


In future we shall denote the sequences 


Vp Vor Ug on 


vU Vo Vgs , 
Ue, UZ, Vd ..., 
1 2 3 


by V, V” and V” respectively. 


To begin with we shall prove two simple lemmas. 
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Lemma 1. If V is the solution of equation (2) and с is 
an arbitrary number, then the sequence cV (i.e. the 
sequence cv), CUA, сол, ...) is also a solution of 
equation (9). 
Proof. Multiplying the relationship 

Va = Va-2 + Vn-1 


term by term by с, we get 


cu, = CU. Lo Ж 601.1 


as was required. 
Lemma 2. If the sequences У" and У" are solutions of (2), 
then their sum У" + У" (i.e. the sequence v; + v7, 


v2 + vy зт vs ...) is also a solution of (2). 


Proof: From the conditions stated in the lemma we have 


v’ 
n 


Уп-1 + "n-2 
and 


ГА У 


y 
n va-l + Yn-2° 


Adding these two equations term by term, we get 
v + уко (ur + Va) 4 (Vin + Vo): 
Thus, the lemma is proved. 


Now, let У" and У" be two solutions of equation (2) 
which are not proportional. We shall show that any se- 
quence V which is а solution of equation (2) can be 
written in the form 


су + CoV (14) 
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where cy and c, are constants. It is therefore usual to 
speak of (14) as the general solution of the equation 
(2). 


First of all, we shall prove that if solutions of (2) 
У" and У" are not proportional, then 


e e 
rim, 
+ 
СУ e 
(SRLN 


(15) 


The proof of (15) is carried out by assuming the opposite, 


For solutions V’ and V^ of (2) which are not propor- 
tional, let 


vi v3 


Оп writing down the derived proportion we get 





or, taking into account that V’ and V” are solutions of 
equation (2), 


Qu 
e 
Na 





ws 
e 
Nes 


Similarly, we convince ourselves (by induction!) that 





ГА 4, 

v v v^ 
3 4 n 

vi = г = eee = yt = +... 
3 4 n 


Thus, it follows from (16) that the sequences V’ and У" 
are proportional, which contradicts the assumption. This 
means that (15) is true. 
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Now, let us take a certain sequence У, which is а solu- 
tion of the equation (2), This sequence, as was pointed 
out in section 2 of the Introduction, is fully defined if 
its two first terms, vy and Vo, аге given, 


Let us find such Cy and с that 


2° 
, y = 
суу] + су = Y» 
Й se (17) 
су + Со 7 V». 


Then, оп the basis of lemmas 1 and 2, eV + 69V” gives 
us the sequence У. 


In view of condition (15), the simultaneous equations 
(17) are soluble with respect to Cy and c, no matter what 


the numbers vi and V. are: 


2 


(Ву the condition (15) the denominator does not equal 
zero]. 


Substituting the values of Cy and с, thus calculated іп 
(14) we obtain the required representation of the se- 
quence У. 


This means that in order to describe al] solutions of 
equation (2) it is sufficient to find any two solutions 
of it which are not proportional, 


Let us look for these solutions among geometric pro- 
gressions. In accordance with lemma 1 it is sufficient 
to limit ourselves to the consideration of only those 
progressions whose first term is equal to unity, Thus, 
let us take the progression 


1, 9, 42, 
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In order that this progression should be a solution of 
(2) it is necessary that for any n the equality 


4772 + 9"! = 9" 
should be fulfilled. Or, dividing by 9? 2, 
1+9 = 42. 
155 
The roots of this quadratic equation, i.e. "зо and 
1 - У5 
5 7, will be the required common ratios of the pro- 


gressions. We shall denote them by а and В respectively, 
Note that aß= -1, 


We have thus obtained two geometric progressions which 
are solutions of (2). Therefore all sequences of the 
form 


2 2 
Cy + Cy суа + с, B.c,o^* cop", ... (18) 


are solutions of (2). As the progressions found by us 
have different common ratios and are therefore not propor- 
tional, formula (18) gives us all solutions of equation 
(2). 


In particular, for certain values of cy and с, Іогтиіа 
(18) should give us also the Fibonacci series. For this, 
as was pointed out above, it is necessary to find Cy and 
с, from the equations 


Cy т со = Чі 
and 

ca + cop = Up, 
i.e. from the simultaneous equations 


Cy +С) = 1, 
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1+v5 1-v5 
034773 + 62773 з 1, 


Having solved them, we get 














145 1 -v5 
c = » Co Fm А 
245 245 
whence 
u, = са"! + с"! = 
- 1:31 ey" 1 - 5/1 - 151 
25 2 251 2 ' 
i.e. 


1 al ( EN 
2 Y 2 (19) 


п AS 


Formula (19) is called Binet's formula in honour of the 
mathematician who first proved it. Obviously, similar 
formulae can be derived for other solutions of (2). The 
reader should do it for the sequences introduced in 
section 2 of the Introduction. 


10. With the help of Binet's formula it is easy to find the 
sums of many series connected with Fibonacci numbers. 

For instance, we can find the sum 

Ug +Ug tugt- + Ug: 
We have 
3 3 6 6 In an 
а - а - а - 

Uy tug os tup = 22,9 В. B = 


To. +7 =E 


^5 A/5 м5 
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1 
3 6 In 3 6 gn 
Fla" ta +... +а - - =... - ), 


ог, having summed the geometric progressions involved, 


2A а З _ а 3 ga+ - p? 
Ug tUg te tUg = 3 - . 


М 5 а" -1 B?-1 
But 
ad-1=«+4a?-1=2a+a+1-1=2a, 


and similarly p? -1=28. Therefore 


ı (ан - ад greg? 


иа фа +... +u = — , 
3 6 hn v5 2a 28 


or after cancellations 


Ug tUg +... NE 2 
a ait? - В 3"+2 a? - В? К 
2 v5 м 5 
1 - "an+2 -1 


= n2 - Uy) 2 


11. As another example of the application of Binet’s formula, 
we shall calculate the sum of the cubes of the first n Fibonacci 
numbers, 


We note that 


Be ar -B° oa at _ gg? g* + за - в" | 
k v5 5 v5 
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k k k k 
ap - ВЗ - sa*g* а" - В - 
5 v5 M5 


a] 


1 
(ug, - (-1)*3y,) == (gy + Du). 


Therefore: 


= fu и и.) + 3(u, -ицо +u (-1)^*lu ) 
^3 g tug ters tUg) + 17 09 t4¥g meee + n? 


or, using formula (8) and the results of the preceding section, 


-1 
1 / 3n42 
u? 4 ud + ... +u3 = QST [1 * Dt, |] = 


_ "an2 + CDe + 5 


10 


12. It is relevant to ask the question: how quickly do 
Fibonacci numbers grow with increasing suffix? Binet’s 
formula gives us a sufficiently full answer even to this 
question. 


It is not hard to prove the following theorem. 


Theorem: The Fibonacci number u, is the nearest whole 
number to the nth term а, of the geometric progression 


whose first term is —4 and whose common ratio equals a 


A5 


Proof: Obviously it is sufficient to establish that the 
absolute value of the difference between и, and a, is 


1 
always less than —. But 
2 
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а= E | a ВО „alt. 
п п v5 VE 45 45 


As В = -0.618..., therefore |8 | «1, and that means 
that for any n, |В| ^ —1 and even more so (since V5 >2) 


IB 


| oi 
—— &—-. The theorem is proved, 
У5 2 

The reader who is acquainted with the theory of limits 
will be able to show by slightly altering the proof of 
this theorem that 

lim = 0. 

n —> оо 


и -a 
п п 








Using this theorem it is possible to calculate Fibonacci 
numbers by means of logarithmic tables. 


For instance, let us calculate u (u is the answer 
to the problem of Fibonacci about the rabbits): 


«5 = 2.2361, log V5 = 0.34949; 
14V5 

a = = 1.6180, log a = 0,20898; 
14 


log ~—= 14 x 0.20898 - 0.34949 = 2. 5162, 
A5 


14 
4 = 376.9. 
5 


The nearest whole number to 376.9 is 377; this is ца 


When calculating Fibonacci numbers of very large suf- 
fixes, we can no longer calculate all the figures of the 
number by means of available tables of logarithms; we 
can only indicate the first few figures of it, so that 
the calculation turns out to be approximate. 


As an exercise, the reader should prove that in the 
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п 
decimal system, u, for п >17 has no more than — and по 
4 
п 
fewer than — figures. And of how many figures will u 
5 


1000 
consist? 


II 


NUMBER- THEORETIC PROPERTIES OF 
FIBONACCI NUMBERS 


Before we continue the study of Fibonacci numbers, we 
shall remind the reader of some of the simplest facts 
from the theory of numbers, 


1, First, we shall indicate the process of finding the 
greatest common divisor of numbers а and b. 


Suppose we divide a by b with a quotient equal to q, 
and а remainder r,. Obviously, а = bao + г; and 
0 «гі < b. Note that if а <b, Ip = 0. 


Let us further divide Ь by ri and let us denote the 
quotient by 91 and the remainder by го Obviously 
b= г191 Hro and 0 «го «гі біпсе ri « b, therefore 
"Й #0. Then, dividing гі by Го. we shall find q3 #0 
and rg such that r, = 97 +73 and 0$ гз XT» We 
proceed in this manner for as long as it is possible to 
continue the process, 


Sooner or later our process must terminate, since all 
the positive whole numbers гір Fos Toe are different, 
and every one of them is smaller than 6. That means that 
their number does not exceed Ь, and the process should 
terminate no later than at the bth step. But it can only 
terminate when a certain division proves to be carried 
out perfectly, i.e. the remainder turns out equal to 
zero and it will be impossible to divide anything by it, 


The process thus described bears the name of Euclidean 
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Algorithn. As a result of its application we obtain the 
following sequence of equations 


a 
1 


bao + ry 


o 
1 


= 719] +173, 


ri 2 7293 + га, 
(20) 


n-2 7 "191-1 tTa’ 


= Pain’ 


Let us examine the last non-zero remainder rhe Ob- 
viously mA is divisible by Га" Let us now take the 
last but опе equation іп (20). On its right-hand side 
both terms are divisible by Га and therefore Гл-? і5 
divisible by E Similarly, we show step by step 
(induction!) that Par “neg ott and finally a and b are 
divisible by Га" Thus, m is а common divisor of a and 
b. Let us show that rn is the greatest common divisor of 
a and b. In order to do this, it is sufficient to show 
that any common divisor of a and b will also divide rhe 


Let d be a certain common divisor of а and b. From the 
first equation of (20) we notice that ry should be di- 
visible by d. But, in that case, on the basis of the 
second equation of (20), Го is divisible by а. Similarly 
(induction!) we prove that d “goes into” Por rer Pag 
and, finally, Га! 

We have thus proved that the Кисіідеап algorithm when 
applied to the natural numbers a and 6 does lead really 
to their greatest common divisor, This greatest common 
divisor of the numbers a and b is denoted by (а, 5). 


As an example, let us find (ung Uys) = (6765, 610): 
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6765 = 610 x 11 + 55, 
610 = 55X11 + 5, 
55 = 5X11 


Thus, (под ців) =5 = Ug. The fact that the greatest 
common divisor of two Fibonacci numbers turned out to be 
again a Fibonacci number is not accidental, It will be 
Shown later that that is always the case. 


2. There is an analogy between Euclid's algorithm and a pro- 
cess in geometry whereby the common measure of two commensur- 
able segments is found. 


Indeed, let us examine two segments, one of length o, the 
other of length b. Let us subtract the second segment from the 
first as many times as it is possible (if b> a, obviously we 
cannot do it even once) and denote the length of the remainder 
by гі Obviously ry <b. Now, let us subtract from the seg- 
ment of length Ь the segment of length гі as many times as 
possible, and let us denote the newly obtained remainder by ro 
Carrying on in this manner, we obtain a sequence of remainders 
whose lengths, evidently, decrease. Up to this point, the 
resemblance to Bıclid’s algorithm is complete. 


Subsequently, however, an important difference of the geo- 
metrical process from Euclid’s algorithm for natural numbers is 
revealed. The sequence of remainders obtained from the sub- 
traction of segments might not terminate, as the process of 
such subtraction can turn out to be capable of being continued 
indefinitely. This will happen if the chosen segments are in- 
commensurable. 


From the considerations in section 1, it follows that two 
segments whose lengths can be expressed by whole numbers are 


always commensurable. 


We now establish several simple properties of the 
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greatest common divisor of two numbers. 


3. (a, bc) is divisible by (a, b). Indeed, 0, and 
therefore bc, is divisible by (а, Б); а is divisible by 
(a, b) for obvious reasons, This means, according to the 
proofs in section 1, that (a, bc) is divisible by (a, b) also. 


4. (ас, bc) є (a, b)c 


Proof: Let the equations (20) describe the process of 
finding (a, 6). Multiplying each of these equations by c 
throughout, we shall, as is easily verified, obtain a set 
of equations corresponding to the Euclidean algorithm as 
applied to the numbers ac and bc. The last non-zero re- 
mainder here will be equal to r,c, i.e. (а, bc. 


5. If (a, c) = 1, then (a, bc) = (a, b), Indeed, (a, bc) 
divides (ab, 6c), according to section 3. But 


(ab, bc) = (а, c)b 1ХЬ = b 


in view of section 4. Thus b is divisible by (a, bc). 

On the other hand (a, bc) divides a. Ву section 1 this 
means that (a, bc) divides (a, b) also. And since accord- 
ing to section 3 (a, b) divides (a, bc) as well, then 

(а, b) = (a, be), 


6. а is divisible by b only if (a, b) = b. This is 
obvious. 


7. If с is divisible by b, then (a, б) = (a +c, b). 
Proof: Suppose that the application of the Euclidean 


algorithm to the numbers a and b leads to the set of 
equations (20). Let us apply the algorithm to the 
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numbers a + c and b. Since c is divisible by b, as given, 
we can put c = ср. The first step of the algorithm 
gives us the equation 


a+c=(g + сі)? UT 


The subsequent steps of this algorithm will give us 
consecutively the second, third, etc., equations of the 
set (20). The last non-zero remainder is still rae and 
this means that (a, b) = (a - c, b). 


A useful exercise for the reader would be to prove this 
theorem on the sole basis of the results of sections 3-6, 
i.e. without a repeated reference to the idea of the 
Euclidean algorithm and to the set (20), 


We now consider certain properties of Fibonacci numbers 
concerning their divisibility. 


B8. Theorem: If n is divisible by m, then и, is also di- 
visible by u,. 


Proof: Let n be divisible by m, i.e. let п = mm. We 
shall carry out the proof by induction over та For 

т = 1, n =m, so that in this case it is obvious that u, 
is divisible by u„. We now suppose that Unm is divisi- 
ble by un and consider u 


But Un (n +1) - Ummy +m 
and, according to (10), 


m(mi+1)° 


а (т +1) = nn, 101 + U am Uatt’ 


1 
The first term of the right-hand side of this equation is 
obviously divisible by u,. The second term contains Umm 
as а factor, i.e. is divisible by un according to the in- 


ductive assumption, Herice, their sum, i.e. Un (юні)! 15 


divisible by и, as well, Thus the theorem is proved. 


9. The topic of the arithmetical nature of Fibonacci 
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numbers (i.e. the nature of their divisors) is of great 
interest, 


We prove that for a compound n other than 4, u, is a 
compound number, 


Indeed, for such an n we can write п = njing, where 
1 «ni«n, 1<n2 «n and either пр)» 2 ог по» 2. To 
be definite let пу > 2, Then, according to the theorem 
just proved, u, is divisible by Un, While 1 < Ug, X Un 


and this means that и, is а compound number, 


10, Theorem.  Meighbouring Fibonacci numbers are prime 
to each other. 


Proof: Let u, and Un have a certain common divisor 

d > 1, in contradiction of what the theorem states, Then 
their difference Us 41 7 Un Should be divisible by d. And 
since u, Un = Чр. then un. should be divisible by 
d. Similarly, we prove (induction!) that u, 5, u, 4, 

etc,, and finally ці, will be divisible by d. But uy =1 
therefore it cannot be divided by d > 1, The incompati- 


bility thus obtained proves the theorem, 


11. Theorem. For any т, п u. ul) = Con, п)? 


Proof: То be definite, we suppose m > n, and apply the 
Euclidean algorithm to the numbers т and п: 


m 


u 


ng, tly where 0 <r; «n, 
погір го where 0 «г, «гі 


ry Era Я Га where 0 < Tg XT» 


Pia 7 T, 40,4 + o; "here O<r cr, y» 
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As we already know, г, is the greatest common divisor 
of m and n. 


Thus, m= ng, try this means that 


(U, и) = (и u), 


доні п 
or, by equation (10), 


(un un) - (pg rl ri + "ngg ratt 


or by sections 7, 8 


Combining all these equations, we get 


), 


(up ц) = (п, и 
m’ n гі re 


and since Teed is divisible by re Ц, is also divisi- 
t-1 


Tap. Noting, 


ble by ur Therefore (ur. u 


t-1 
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finally, that r, = (m, n), we obtain the required result. 


t 

In particular, from the above proof we have a converse 
of the theorem in section 8: if и п is divisible by un 
then п is divisible by m. For if u, is in fact divisible 
by un then, according to section 6, 


(u. u) = бу» (21) 
But we have proved that 
LL u) - U (n, m) (22) 


Combining (21) and (22) we get 


un = U (n, m)! 


i.e. поз (n,m), which means that n is divisible by m. 


12. Combining the theorem in section 8 and the corollary 
to the theorem in section 11 we have: un is divisible by 
и, if, and only if, п is divisible by т. 


In view of this, the divisibility of Fibonacci numbers 
can be studied by studying the divisibility of their 
suffixes. 


Let us find, for instance, some “signs of divisibility” 
of Fibonacci numbers. By “sign of divisibility” we mean 
a sign to show whether any particular Fibonacci number 
is divisible by a certain given number. 


A Fibonacci number is even if, and only if, its suffix 
is divisible by 3. 


A Fibonacci number is divisible by 3 if, and only if, 
its suffix is divisible by 4, 


A Fibonacci number is divisible by 4 if, and only 
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if, its suffix is divisible by 6. 


A Fibonacci number is divisible by 5 if, and only if, 
its suffix is divisible by 5. 


A Fibonacci number is divisible by 7 if, and only if, 
its suffix is divisible by 8. 


The proofs of all these signs of divisibility and all 
similar ones can be carried out easily by the reader, 
with the help of the proposition put forward at the 
beginning of the section, and by considering the third, 
fourth, sixth, fifth, eighth, etc.  Pibonacci numbers 
respectively. 


At the same time, the reader should prove that no 
Fibonacci number exists that would give a remainder of 4 
when divided by 8; also, that there are no odd Fibonacci 
numbers divisible by 17. 


13, Let us now take a certain whole number m. If there 
exists even one Fibonacci number и divisible by m, it is 
possible to find as many such Fibonacci numbers as de- 

sired. For example, such will be the numbers Uy» Uy 


Bane eee 


n’ 


It would therefore be interesting to discover whether 
it is possible to find at least one Fibonacci number 
divisible by a given number m. It turns out that this is 
possible, 


Let k be the remainder of the division of k by m, and 
let us write down a sequence of pairs of such remainders: 


«й бр» LU, B> XU, Wo, en XR >. 
(23) 
If we regard pairs <a,, b,> and <a,, b? as equal 


when a, = а, and by = ba, the number of different pairs 
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of remainders of division by m equals m2, If, therefore, 
we take the first m? + 1 terms of the sequence (23) there 
must be equal ones among them. 


Let <u,, "NP. be the first pair that repeats itself 
in the sequence (23). We shall show that this pair is 
<1, 12». Indeed, let us suppose the opposite, i.e, that 
the first repeated pair is the pair <u, ць >, where 
k 51. Let us find in (23) a pair <u), u > (1l >&) 
equal to the pair Си, u,,, >. Since ці.) = uj,4 - Щ 
and uy, , = uy ,, — u, and u;,, = U,,) and йу = ць, the 
remainders of division of u,_, and u, , by m are equal, 
i.e. a1 = u,-l: However, it also follows that & uj -1: 
ü, > = Сі і, U>, but the pair "прі |, ці > is situa- 
ted in the sequence (23) earlier than <u,, u,,; > and 
therefore < uz, ці.) > is not the first pair that repeated 
itself, which contradicts our premise. This means that 
the supposition k > 1 is wrong, and therefore k = 1, 


Thus «1,17 is the first pair that repeats itself in 
(23). Let the repeated pair be in the tth place (in 
accordance with what was established earlier we can regard 
1<t<m +1), i.e. хи, u, >=<1,1>. This 
means that both u, and и when divided by т, give 1 as 
a remainder. It follows that their difference is exactly 
divisible by m. But 


so that the (t - 1)th Fibonacci number is divisible by m. 
We have thus proved the following theorem: 
Theorem: Hhatever the whole number т, at least one 


number divisible by m can be found among the first m 


Fibonacci numbers, 


2 


Note that this theorem does not state anything about 
exactly which Fibonacci number will be divisible by m. 
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It only tells us that the first Fibonacci number divisi- 
ble by m should not be particularly large. 


III 


FIBONACCI NUMBERS AND CONTINUED FRACTIONS 


1. We consider the expression 


1 (24) 





where Ip Jg sees q, are whole positive numbers and 90 
is a whole non-negative number, Thus in contrast to the 
numbers Ip 9» sees Ans the number Чо can equal zero, We 
shall keep this somewhat special position of the number 
% in mind, and not mention it specially on each occasion. 


The expression (24) is called a continued fraction and 
the numbers Чу Ip sees 9, are called the partial denomi- 
nators of this fraction. 


Sometimes continued fractions are also known as chain 
fractions, They are of use in a wide assortment of 
mathematical problems. The reader who wants to study 
them in greater detail is referred to А, Үа. Khinchin, 
“Chain Fractions"*, 





* Also to H.S. Wall, “Analytic Theory of Continued Fractions” 
(Van Nostrand) - Translator. 
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The process of transformation of а certain number into а 
continued fraction is called the development of this 
number into a continued fraction. 


Let us see how we can find the partial denominators of 
such an expansion of the ordinary fraction P" 

We consider the Euclidean algorithm, as applied to the 
numbers a and b. 


a = ау + г, 
b= rid, +o 
Ty 7 7292 try 


(25) 
n-2 - Pa-1 4-1 HTa 
Tn-1 Snin: 


The first of these equations gives us 


r 
a. 1 1 
== — = +. 
b dg t b qo b 
ri 


But it follows from the second equation of set (25) 
that 


so that 
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From the third equation of (25) we deduce 


r r 
2 = q, +2=q +} 
r2 "2 2 
"э 
and therefore 
1 
a 
— = t 
b 90 q, + 1 
95 +1 _ 
Та 
r3 


Continuing this process to the end (induction!) we 
arrive, as is seen easily, at the equation 


a _ 
vn 


By the very sense of the Euclidean algorithm, q, >1. 
(If q, Were equal to unity then rand would equal rn and 
r,.2 Would have been divisible by r, , exactly, i.e. the 
whole algorithm would have terminated one step earlier.) 
This means that in place of q, we can consider the ex- 
pression (q, - D +2, i.e. consider (q,-1) the last but 


one partial denominator, and 1 the last. Such a conven- 
tion turns out to be convenient for what follows, 


The Euclidean algorithm as applied to a given pair of 
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natural numbers a and b is realized in a completely 
definite and unique way. The partial denominators of the 
development of T into a continuous fraction are also 
defined in а unique way by the system of equations des- 
cribing this algorithm. Any rational fraction 7 , 


therefore, сап be expanded into a continued fraction іп 
one and only one way, 


2. Let 


1 (26) 





1 
In 
be a certain continued fraction, and let us consider the 
following numbers 





1 
Чо" fot a’ dg + 0175707 


11 + 3, 


These numbers, written down in the form of ordinary 
simple fractions 


Ро do 
Qg 1° 
‘eg gk 
1 0/4 
Р, 1 
З фа , 
9,700 яу +1. 
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are called convergent fractions of the continued fraction 
w 


Р, Ре 
Note that the transition from — to Qo. is realized by 
0 kel 
the replacement of the last of those partial denominators 


which took part in the construction of this convergent 


fraction, i.e. Gh» by 9% + da 
+ 


3. The following lemma plays an important role in the 


theory of continued fractions. 


Lemma: For every continued fraction (26) the following 
relationships obtain: 





Peat = Риа + Pror (27) 

Q ai = Tear + Mea (28) 
Loo 

Р 19 7 Ра 7 CD. (29) 


We prove all these equations simultaneously by induc- 
tion over k, 


We shall prove them first for k = 1. 


Frege ta ott, 
9 o 91 91 


Since the numbers 9091 + 1 and q, are prime to each 


+ 1 
other, the fraction 9071 +? i, reduced to its lowest 
91 
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terms, The fraction a is in its lowest terms accord- 
1 


ing to the definition, and equal fractions in their 
lowest terms have equal numerators and equal denominators, 
This means that Pi = 909) + 1 and Q, =q; 


P, 1 900993 + 1) + 9) 
—2 = а + —— = ———————— (30) 
Q; q, + 5 9195 + 1 


The greatest common divisor of the numbers 90(9192 +1) + 
+ q, and 9195 +1 equals (do 9195 + 1) оп the basis ої 
Section 7 of II, апа оп the basis ої the same proposition 
it also equals (qo 1), i.e. 1, This means that the 
fraction on the right-hand side in (30) is in its lowest 
terms, and therefore 


P, = 999199 + 1) + 92 = (9991 + 109 +9 7 P195 + Ро 
and 
Qa = 9195 * 1 = 09, + 00: 
The equation 
PQ - PQ = CD! 
is easily verified. 
The basis of the induction is thus proved. 


Let us now suppose that the equations (27), (28) and 
(29) are true and let us consider the convergent fraction 


Prat Рука + Pea 


Qe karga + Ses 





Phar Prao , 
The transition from —+! to _*+4 according to the 
k+l Q, i2 
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observation made above is brought about by the replacement 


Prat 








of That in the expression for by Чі + ; Since 
kel 96.2 
pri does not come into the expressions for P,, Q,, Poy 


г then 


то 
Prez Pon + Tao 5 Pri 


1 з 
Qo Q4 tq Q, 1 





or, remembering the inductive assumptions in (27) and 
(28), 

Ра Peaks + Pr 

Орао 192 + 9. (31) 


We now prove that the right-hand fraction іп (31) is іп 
its lowest terms. For this it is sufficient to prove 
that its numerator and denominator are mutually prime, 


Let us suppose that the numbers P, 1104.2 + P, and 
Orr Tara + Q, have a certain common divisor d >l. Те 
expression 


(C, 118.42 + P09,,4 7 (areas + WPrrı 


should then be divisible by d. But by the inductive 
assumption (29) this expression equals (-1)**! and can- 
not be divided by d. 


Thus the right-hand side of (31) is in its lowest terms, 
and (31) is therefore an equation between two fractions 
reduced to their lowest terms. This means that 


Pega = Pagus + Pr 
and that 
Q a2 = Osito + a 
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To complete the proof of the inductive transition it 
remains to show that 


= (-1yk+1 
Py oat 7 Рено = CD . (32) 
But in view of what was proved above, 


Pradera 7 Prakan = 


= Р 17h 42% 41 + Р TIT 7 PL a0, 
and (32) follows directly from the inductive assumption 
(29). In this way the inductive transition is established 
and the whole lemma is proved. 


Corollary. 


k 
Pa OP. = (-1) 


Q, +1 Q; Q, 0, +1 l 





(33) 


Since partial denominators of continued fractions are 
positive whole numbers, it follows from the above lemma 
that: 


Py <P, SP¿S +00, 


(34) 
0) « € «0, « ... 


This simple yet important observation will be made more 
exact later in the book, 


4. We now apply the lemma of section 3 to describe all 
continued fractions with partial denominators equal to 
unity, For such fractions we have the following interest- 
ing theorem. 


Theorem: If a continued fraction has n partial denomina- 
tors and each of these partial denominators equals unity, 
u 

n+l 


u 
n 





the fraction equals 


44 Fibonacci numbers 


Proof, Let us denote the continued fraction with n unit 
partial denominators by a, Obviously 





a; а». coer Gn 


are consecutive convergent fractions of a, 


Let 
P 
a, zh. 
2 
As 
- - 1 
@,=15 l 
and 
a, 2141.2, 
1 1 


therefore Py =1, Р, = 2. Further, РАН = Pn9n+1 + P„-ı= 
= Pa +Pn-1- Therefore (compare I, section 8) P, = Un+1. 


Similarly, Qi =1, 0, = 1 and О 1 = ns + 1 = 


=Q «Q, SO that Q, =u,. This means that 


u 
= пі, (35) 


u 
n 





The reader should compare this result with formulae 
(12) and (29). 


5. Suppose we are given two continued fractions wand w: 


w=q+ 1, w 749 + 
р + — ~ qı + 
G2 t. Чо t» 
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while 
90 249 d2 0, 9 > 92. °° (38) 
Let us denote the convergent fractions of w by 
Po Pi Pa 
00 0, 0, "T 
and the convergent fractions of w by 
Ро Py P, 


99090 





From the results of the lemma of section 3 it is easy to detect 
that in view ої (35) 


Po Po Pi >Р, Po >Py ... 
and 
05205. 0020, 920), ... 


Obviously, the smallest value of апу partial denominator is 
unity. This means that if all the partial denominators of a 
certain continued fraction are unity the numerators and denomi- 
nators of its convergent fractions increase more slowly than 
those of the convergent fractions of any other continued frac- 
tion. 


Let us estimate to what extent this increase is slowed down. 
Obviously, discounting the continued fractions whose partial 
denominators are unity, the slowest to increase are the numera- 
tors and denominators of the convergent fractions of that con- 
tinued fraction one of whose partial denominators is 2 and the 
remaining ones unity. Such continued fractions are also con- 
nected with Fibonacci numbers as shown by the following lemma: 


Lemma, If the continued fraction w has as its partial denomi- 
nators the numbers dg. Ip 99, cee 93, while 
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49741 7d97 5% hat 79,71, q,-2(1%0) 


в = іні n-is3 * Чічлої м 


UjMO i43 * Ui -і 


Proof of this lemma is carried out by induction over i. If 
i з 1, then for any n 


ә =1+ l! 
2+ 


1-4. 1 
п-1 нац +T 


denominator 


or, in view of what was proved at the beginning of this section, 











w=1+ =1+ Un =1+ = 
1 2 + 2, +8, 1 
?ta& un 
п-1 Un 
214^ = "n+2 + "n 
Us 2 Un42 


or, putting ug 7 0 


_ U25n42 + "jun 


Ч10 +2 + gli, 
Thus the basis of induction has been proved. 


Let us now suppose that for any n 


t partial 1 + 1 = 


denominators 1+ 
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Чіа ni 43 + Ue, iad . (31) 


. . и 
UU, i43 + 


i-1n-i+1 


Let us take the continued fraction 


i + 1 partial] 1 + Ll 











denominators 1 +. 1 
“+ 1+ 1 
24 
п-і «1 
It can obviously be considered thus: 
141 
TDUYX Peres 
i partial М 1 (38) 
denominators +1+ 224 I 
a-il 


The continued fraction below the dotted line in (38) is, by 
(37), equal to 


Min i+2 t ini 
u Uni * inmi 


The whole fraction (38) therefore equals 


14 1 2 tuU ug a tn i. 
Uia n ci42 + ni Ui niga + Gini 


UU, ci 42 tUi he 


_ Ciaz^n-ia2 + "igt"n-i 


Ui Un i42 + ini 


Thus the inductive transition has been proved and so has the 
whole lemma. 


Corollary: If not all the partial denominators of the contin- 
ued fraction ware unity, do #0, and there are no less than п 
of these partial denominators, then, on writing win the form 
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. . Р 
of ап ordinary fraction —, we have 


P>u 


ізіЧа-ія3 + uU, ial > Чі pnia + UU, iat = Un 42* 
and similarly, 


Q> Unar 

A substantial role is of course played here by the lemma of 
section 3, on the basis of which we obtain only fractions in 
their lowest terms in the process of “contracting” a continued 
fraction into a vulgar one. Therefore no diminution of 
numerators and denominators of the fractions obtained due to 
“cancelling” will take place. 


6. Theorem: For a certain a the number of steps in the 
Euclidean algorithm applied to the numbers a and b equals п - 1 
if b= u. and for any а it is less thann - 1 if bu. 


Proof: The first part of the theorem can be proved quite simply. 
It is sufficient to take as a the Fibonacci number following b, 


i.e. u . 
nel Then 


The continued fraction a, has n partial denominators, i.e. 
the number of steps of the Fuclidean algorithm as applied to 
the numbers а and 6 equals п - 1. 


To prove the second part of the theorem, we suppose the con- 
trary, i.e. that the number of steps of this particular algo- 
rithm is not less than п - 1. Let us expand the ratio У into 


the continued fraction су. Obviously w will have no less than 
п partial denominators (in fact one more than the length of the 
Euclidean algorithm). As 6 is not a Pibonacci number, not all 
the partial denominators of wwill be unity, and therefore, 
according to the corollary of the lemma in section 5, Ь >u,: 
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which contradicts the conditions of the theoren. 
This theorem means that the Euclidean algorithm as applied to 
neighbouring Fibonacci numbers is іп a sense the “longest”. 
T. We shall call the expression 
ii 
dg * 1 


41 “a, +... 1 (39) 





ап infinite continued fraction. 


The definitions and results of the preceding sections 
can be extended quite naturally to infinite continued 
fractions. 


Let 


P Р P 
L9 71, 4,25, .. (40) 
Qo Q; Qn 





be a sequence (obviously an infinite one) of the conver- 
gent fractions of the fraction (39). 


We shall show that this sequence has a limit, 


With this aim in mind, we examine separately the se- 
quences 








P Р Р 
A 2, ..,, 2, .., (41) 
Ә Q Qan 
and 
Р Рз Pangi 


...» , (42) 
01 Q! Qon41 
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From (33) and (34) 


Ponsa Pon Ponsz Pongi Pongi Pon 








Qons2 Qon  Üan.2 Rongi Әһә Qan 
-1 1 
=- — 4 1 
Oona292n41 лпа 


This means that the sequence (41) is an increasing one. 
In the same way, it follows from 
2n43 _ Pont _ 1 1 <0 


that the sequence (42) is a decreasing one. 


Any term of the sequence (42) is greater than any term 
of the sequence (41). Indeed, let us examine the numbers 


Pon and Pam 
Qon Con +1 


and let us take the odd number k to be greater than 2n 
and 2m + 1, It follows from (33) that 
P, Pray 
— >. (43) 
Фф Qg’ 


апа from the fact that (41) increases and (42) decreases 
it follows that 








Peri Pon a 
Qe +1 Qon 

and 
P, P 
E сн (45) 
Qr Очі 


Comparing (43), (44) and (45) we obtain 
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Po Pon+l 
Qon  Q2a4 
From (33) and (34) 
Рр +1 Pr 1 < 1 
Qn 41 u Qn On +10 n2’ 


and therefore, as n increases, the absolute value of the 
difference of (п +1)th and nth convergent fractions tends 
to zero, 


From the above considerations it is possible to conclude 
that the sequences (41) and (42) have the same limit, 
which is also, obviously, the limit of (40), This limit 
is called the value of the infinite continued fraction 


(39). 


Let us prove now that any number can be the value of no more 
than one continued fraction. Let us take for this purpose two 
continued fractions «) and w (it does not matter whether they 
are finite or infinite). 


Let Ip Ip Ip ees and gg 91, 15 ... be their correspond- 
ing partial denominators. We shall show that it follows from 
i - 4 - ^ - А = 
the equation w = w that 49 = 90, 9] = 9]. 99 = 95 ... and so 
on. 


Indeed, 90 is the integral part of the number'w and 99 is the 
integral part w, so that 909 = 9 Further, the continued 
fractions w and ау can te represented respectively in the form 


1 , 1 
9, + —— and яд + — 
o 091 o wy 


where Фо and wy are ‚gain continued fractions. It follows 
from w = w and dg = 40 that w, = ші also. This means that 
the integral parts of the numbers с), and wy are also equal, 
i.e. q1 = di: Continuing these arguments (induction!) we see 
that qo = 95, Q4 = 95, etc. 
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Since a rational number can always be expanded into a finite 
continued fraction, it follows from the foregoing proof that it 
cannot be expanded into an infinite continued fraction, It 
follows that the value of an infinite continued fraction must 
necessarily be an irrational number. 


The theory of expansions of irrational numbers into continu- 
ous fractions represents a branch of theory of numbers which is 
rich in content and interesting in its results. We shall not 
delve deeply into this theory, but we shall consider only one 
example connected with Fibonacci numbers. 


8. Let us find the value of the infinite continued frac- 
tion 
1+ 


1 
1 + 





1+... 


As we have proved above, this value is lim a Let us 
calculate this limit. пото 


As has already been established іп І, section 12, un is the 
n 


nearest whole number to a ; this means that 
V5 








where | 0, |< 4, whatever n is. 
2 


Therefore, in view of the results of section 4, 





antl 
+ 0 
и n+1 
lima = 1іт "+! = lim VS = 
nw oon nN др 
Un а" 
а 8 


45 " 
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Ona v5 
ar S lim a+ 
a n an 


15) 
- i = oe 
= lim—— 0, v3 ^ Jim b „Ins | 


n-^oo 1 4 — 
a? n- oo 


a^ 
But дан УЗ is a bounded quantity (its absolute value is 
less than 2) and а" continues to increase indefinitely 


as п tends to infinity (because d >1). This means 


вим V5 
lim —— = 0, 
n= 00 а" 
Also, for the same reasons, 
ONS 
lim ————= 0, 


n =æ оо 


and we obtain 


lim a, = 4. 
n= оо 


The theorem that has been proved means that the ratio 
of neighbouring Fibonacci numbers approaches a as their 
suffixes increase, This result can be used for the 
approximate calculation of the number a. (Compare the 
calculation of u, in I, section 12.) This calculation 
produces a very small error, even when small Fibonacci 
numbers are taken. For example (correct to the fifth 
decimal place) 


u 55 
10 = = 1,6176, 


9 34 





є 


апа а = 1,6180. As we see, the error is less than 0, 1%. 


Of the errors involved in the approximate calculation 
of irrational numbers by convergent fractions it tums 
out that the number а represents the worst case. Any 
other number is describable hy means of its convergent 
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fractions in some sense more exactly than а. However, 
we shall not stop to consider this circumstance, interest- 
ing though it be. 


IV 


FIBONACCI NUMBERS AND GEOMETRY 


1. Let us divide the unit segment AB into two parts in 
such a way (fig.2) that the greater part is the mean 
proportional of the smaller part and the whole segment. 


Co A 6 R 


m ————ÁÓ——  ÍÀ—— M nna—— 


Fig. 2. 


For this purpose we denote the length of the greater 
part of the segment by x. Obviously, the length of the 
smaller part will be equal to 1 — x and the conditions of 
our problem give us the proportion: 





12 *, (46) 
x 


whence 


х2 = 1-х. (47) 


The positive root of (47) is 1 * V9 so that the ratios 
2 
in proportion (46) are equal to 


1. 2 = 2(1 +~5) el+V5 ша 


x 313545 (-1 +V5)(1 + 48) 2 


each, Such a division (at point C,) is called median 
section. It is also called the golden section. 


95 
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If the negative value of the root of the equation (47) 
is taken, the point of section C, lies outside the seg- 
ment AB (this kind of division is called external section 
in geometry) as shown in fig. 2, It is easily shown that 
here, too, we are dealing with the golden section: 

С.В _ AB 


AB CA 


2. The golden section appears quite frequently in geo- 
metry. 


The side a 0 of the regular decagon (fig.3) inscribed 
in a circle of radius R is equal to 


о 
2R sin 280, 
2.10 


i.e. it is 2R sin 18°. 





Fig. 3. 


We now calculate sin 189, From well known formulae of 
trigonometry we have 


sin 36° = 2 sin 18° cos 18°, 


cos 36° = 1 - 2 sin?18°, 
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so that 
sin 72° = 4 sin 18°X cos 18% (1 - 2 ѕіп2189). (*) 
Since 
sin 72° = cos 18° # 0, 
then it follows from (*) that 
1 = 4 sin 18? (1 - 2 sin? 189), 
and therefore sin 18° is one of the roots of the equation 
1 = 4x(1 - 2x2), 
or 
8х3 - 4х +1 = 0. 


Factorizing the left-hand side of the latter equation we 
obtain 


(2x - 1)(4x2 + 2x - 1) = 0, 
whence 
xt 1.1, x, з 2. 
As sin 18° is а positive number, other than lI there- 
fore sin 18? - e. 
Thus 
ajo = 28 v5- 1R v5 -1 R, 


4 2 a 


In other words, 210 equals the larger part of the 
radius of the circle, which has been divided by means of 
the golden section. 


In practice, in calculating 2,9 we can use the ratio of 
neighbouring Fibonacci numbers (I, section 12 or III, 
section 8) instead of а and reckon approximately that 
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a,n is 9. В or even IR. 
8 


10 13 


3. Let us examine a regular pentagon. Its diagonals 
form a regular pentagonal star. 


A M / A D 
LON 


Fig. 4. 


The angle AFD equals 108°, and the angle ADF equals 
36°. Therefore, according to the sine rule 


А о А о 
AD . sin 108" . sin 72° . 9 cos 369 «2 1 +У5 = а. 
АР sin 36° зіп 360 


Since it is obvious that AF = AC, then 


AD _ AD _ a, 


AF АС 
and the segment AD is divided at C according tó the 
golden section, 


But from the definition of the golden section 


a 
CD 


Noting that AB = (D, we obtain 
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AC. 
AB 


Ble 
а 


Thus, of the segments 
Bc, AB, AC, AD 


each is a times greater than the preceding one, 
It is left to the reader to prove that the equality 
AD 
—- a 
AE 
also holds, 


4. Let us take a rectangle with sides а and b and let us 
proceed to inscribe in it the largest possible squares, 
as shown in fig. 5. 


а 


Fig. 5, 


The arguments іп II,section 2 show that such а process 
in the case of whole a and 6 corresponds to the Euclidean 
algorithm as applied to these numbers. The numbers of 
squares of equal size is in this case (III, section 1) 
equal to the corresponding partial denominators of the 


А а. А А 
ехрапѕіоп of 5- into a continued fraction. 
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If a rectangle whose sides are to each other as neigh- 
bouring Fibonacci numbers is divided into squares (fig. 
6), then on the basis of III, section 4 all squares 
except the two smallest ones are different. 


A E B 
D F с 
Fig. 6. Fig. 7. 


Now, let the ratioof the sides of arectangle be equal to 
a. (We shall call such rectangles “golden section rect- 
angles” for short.) We now prove that after inscribing 
the largest possible square into a golden section rect- 
angle (fig. 7) we again obtain a golden section rectangle. 


Indeed, 


Ble 
a 


also 


AD = AE = EF, 


since AEFD is a square, 


This means that 


EF _AB-ER_ 2.1 
EB ЕВ 9 77 


But a?-1- а, So that 


EF | 
ERT € 
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It is shown in fig. 8 how a golden section rectangle 
can be “nearly completely" exhausted by means of squares 
I, II, ПІ, ... Each successive time a square is inscribed, 
the remaining figure is a golden section rectangle, 





The reader should compare these arguments with sections 
4 and 8 of the preceding chapter, We note that ifa 
golden section rectangle I and squares П and III are 
inscribed in a square, as shown in fig. 9, the remaining 
rectangle turns out to be a golden section rectangle 
also. The proof ої this is left to the reader. 


5. Golden section rectangles seem “proportional” and 
are pleasant to look at. Things of this shape are con- 
venient in use. Therefore, many “rectangular” objects 
of everyday use (books, matchboxes, suitcases and similar 
things) are given this particular form. 


Fig. 9. 
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Various idealist philosophers of ancient and mediaeval 
times raised the outward beauty of golden section rec- 
tangles and other figures which conform to the rules of 
median section into an aesthetic and even a philosophic 
principle, They tried to explain natura] and social 
phenomena in terms of the golden section and certain other 
number relationships, and they carried out all kinds of 
mystic “operations” on the number а and its convergent 
fractions, It is clear that such “theories” have nothing 
in common with science, 





6. We shall round off our presentation with a little 
geometrical joke. We shal] demonstrate a “proof” that 
64 = 65, 


To do this we take a square of side 8 and we cut it up 
into 4 parts as shown in fig. 10. We put the parts to- 
gether to form a rectangle (fig,11) of sides 13 and 5, 
i.e. of area equal to 65. 


The explanation of this phenomenon, puzzling at first 
sight, is easily found. The point is that the points 4, 
B, C and D in fig. 11 do not really lie on the same 
straight line, but are the vertices of a parallelogram, 
whose area is exactly equal to the “extra” unit of area, 


This plausible, but misleading “proof” of a statement 
which is known beforehand to be incorrect (such “proofs” 
are called sophisms) can be carried out even more “con- 
уіпсіпеїу" if we take a square of side equal to some 
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Fibonacci number with a sufficiently large even suffix, 
Чоп" instead of a square with side 8. Let us cut up this 
square into parts (fig. 12) and let us put these parts 


Un 


Uon-2 


Usn-1 


Fig. 12. 


together to form a rectangle (fig. 13). The “empty space” 
in the form of a parallelogram stretched along the 
diagonal of the rectangle is equal in area to unity, 


IL 


Fig. 13. 


according to I, section 6. It is easily calculated that 
the greatest width of this slit, i.e. the height of the 
parallelogram, is equal to 


Ll НН 
[2 2 
Yon + "on-2 


If, therefore, we take a square with side 21 cm and 
“convert” it into a rectangle with sides 34 cm and 13 cm, 
the greatest width of the slit is found to be 
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o 
У 212 + g2 


i.e. about 0.4 mm, which is difficult to detect by eye, 


ст, 


У 


CONCLUSION 


Not all the problems connected with Fibonacci numbers 
can be solved as easily as the ones we have considered, 
We shall’ indicate several problems the answers to which 
are either not known at all or can only be obtained by 
quite complicated means with the application of much more 
powerful methods of investigation. ` 


1. Let u, be divisible by a certain prime number p, 
while none of the Fibonacci numbers smaller than Ua is 
divisible by p. In this case we shall call the number 

p "the proper divisor of u For example, 11 is the 
proper divisor of ug 17 is the proper divisor of ug and 
so on. 


It turns out that any Fibonacci number except u. Un 


ив апа ці» роѕѕеѕѕеѕ at least опе proper divisor, 


2. The natural question arises: What is the suffix п of 
the Fibonacci number whose proper divisor is the given 
prime number p? 

From II, section 13 we know that п < p?, It is possible 
to prove that п <p +1. Furthermore, it is possible to 
establish that if p is of the form 5t + 1 then u , is 
divisible by p, and if p is of the form 5t +2 then и 
is divisible by р. However, we have по formula to 
indicate the suffix of the term with the given proper 
divisor p. 


pl 


85 
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3. We have proved in II, section 9 that all Fibonacci 
numbers with composite suffixes, except u, are composite 
themselves, The converse is not true, since, for example, 
uig = 4181 = 37 x 113. The question arises: is the 
number of all prime Fibonacci numbers finite or infinite, 
in other words, is there among all the prime Fibonacci 
numbers a greatest one? At this moment this question is 
still far from being solved, 


FIBONACGI 
NUMBERS 


N. N. Vorob’ev 


The 13th-century mathematician Leonardo of Pisa, whose surname 
was Fibonacci, strove to illuminate the dark ages of Western mathe- 
matics. Familiar with the mathematical literature of Arabia, India 
and the ancient world, he introduced into Europe the concept of 
zero, decimal notation, and algebra. 

The numbers known by his name date back to a 750-year-old 
problem concerning the number of descendants produced by a single 
pair of rabbits in one year. The numbers of resulting pairs at the end 
of each month form a Fibonacci sequence, which follows the formula 


lis 1 = Un F Uni: 


In this book N. N. Vorob'ev presents the solution to the rabbit 
problem, treats some of the remarkable properties of Fibonacci 
numbers, and discusses their occurrence in number theory, continued 
fractions and geometry. In his discussion of the "Golden Section" 
rectangle (one in which the lengths of the sides can be expressed as 
a ratio of two successive Fibonacci numbers), he cites the attempts 
of ancient and medieval philosophers to base esthetic and philo- 
sophical principles on the beauty of these figures. Written in a light 
and entertaining style, this brief book should interest both the lay- 
man and the serious student of mathematics. 





